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Abstract. We relate the properties of the postsingular set for the exponential 
family to the questions of stability. We calculate the action of the Ruelle 
operator for the exponential family. We prove that if the asymptotic value is a 
summable point and its orbit satisfies certain topological conditions, the map 
is unstable hence there are no Beltrami differentials in the Julia set. Also we 
show that if the postsingular set is a compact set, then the singular value is 
summable. 



1. Introduction 

If / is a transcendental entire map, we denote by neN, the n-th iterate of 
/ and write the Fatou set as F(f) = {z G C; there is some open set U containing 
z in which {/"} is a normal family }. The complement of F(f) is called the Julia 
set J(f). We say that / belongs to the class S q if the set of singularities of / _1 
contains at most q points. 

Two entire maps g and h are topologically equivalent if there exist homeomor- 
phisms ip, tp : C — > C such that <p o g = h o ip. Given a map /, let us denote by Mf, 
the set of all entire maps topologically equivalent to /. 

It is proved in |o| that Mf has the structure of a (q+2)-dimensional complex 
manifold. The AfRne group acts on the space Mf and as it shown in [&] the space 
Nf = Mf /{AfEne group} is a q— dimensional complex orbifold. 

A measurable field of tangent ellipses of bounded eccentricity determines a com- 
plex structure on the sphere. This ellipse field is recordered by a (-l,l)-form fi(z)^ 
with 1 1 /i | |oo < 1, a Beltrami differential. If an entire map / is holomorphic in a 
complex structure defined by the Beltrami differential /i, then ji is the invariant 
Beltrami differential. Since the sphere admits a unique complex structure, there is 
a homcomorphism <f> : C — ► C such that fx is the pullback of the standard structure 
and the map — <fi o / o is an entire map. 

The non existence of an invariant Beltrami differential (invariant line field) on 
the Julia set is related to the Fatou conjecture, see [5]. 

Now let us consider the main hero of this paper - Exponential family: E = 
{fx( z ) = exp(Az),A G C*}. Then N fl = E, where /i = exp(z). The map f\ is 
structurally stable if for any A close enough to Ao there exists a quasiconformal 
homeomorphism <p\ , such that fx — 4>\° fx ° 4>\ 1 • 

Due to Mane, P. Sad, D. Sullivan (see ^01) an d A. Ercmenko, M. Lyubich (see 
0) the following three items are equivalent for E: 

• Fatou conjecture 

• There is no invariant Beltrami differentials supported by the Julia set 

l 
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• If J (fx) = C, then fx is structurally unstable. 

In 1985 R. Devaney (see |2) proves that exp(z) is structurally unstable, after A. 
Douady and L. R. Goldberg (see 0]) did show that the maps Aexp(z),A > 1 are 
topologically unstable. Zhuan Ye (see proves that f\ is structurally unstable 
map if lim^oo /£(0) = oo. 

In this paper we follow the approach of papers pQ, [S] and [7]-jH], (case of rational 
maps) and j2| (case of transcendental entire maps with only algebraic singularities). 
In the case of Exponential family we have only one asymptotic singularity which is 
a different situation that in 

The stability of a map depends on the behavior of the postsingular set, denoted 
as X x = {U„>!/»(0)}. 

Let us start with fx whose Julia set is equal to the plane. Then we have the 
following simple possibilities: 

(1) hm^Kfzy (0)1 = 0, 

(2) there exists a subsequence {n^} such that lin r ii^ lx ,\(f' x %i y(0)\ = oo, 

(3) there exists a subsequence {rii} such that HTOj_ >O o|(/™ i )'(0)l = M < oo and 

We believe that the first case contains a contradiction. Since in this situation the 
forward orbit of must converge to an attractive cycle and hence ^ J(fx)- We 
show this conjecture under very strong additional conditions only as an illustration 
that this conjecture is not completely false (see theorem 1). 

As for the last two cases, the Fatou conjecture claims that fx is an unstable map. 

Define 

Definition 1. Let A G C*, then the Poincare series for f x is the following formal 
series 

1^ i 



Px = l 
Let 

Sn = 1 



A s(/r 2 )'(i)' 



i ^ i 



A (/r 2 )'(i) 

be a particular sums of the Poincare series P\. Then we have the following theorem 
Theorem 1. 

(1) If there exist a sequence {ni} such that - ► oo and Zimi^ 00 sup|S , „ i | > 
0, then F(fx) = and fx is unstable. 

(2) If there exist a sequence {n^} such that (/?*)'(1) X c, where c ^ is a 
constant and Zimi_ koo st(p|S , ni | = oo, then f\ is unstable. 

(3) Let lim„^ 00 (/™)'(l) = 0, and one of the following conditions holds: 

/ f ™+ 1 )'Cl) 

lim^oo sup |(}j»)>( 1) | < oo, or 

lim in fliflUlSDl > n 

liA11 n— ^oo Ln J \(f n )'(l)\ 

Then F(fx) + I 

Proposition 1. Does not exist a map fx such that lim n — »oo|/™ (1)| — C > 

The next theorems discuss the best conditions on the Poincare series and on the 
postsingular set for the map to be unstable. 
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Definition 2. A point a £ C is called "summable" if and only if the series 



is absolutely convergent. Note that the point z = is summable if and only if the 
Poincare series P\ is absolutely convergent. 

Definition 3. Let W C E be the subset of exponential maps fx, with summable 
singular point £ J(fx), satisfying one of the following conditions: 

(1) o?x x , 

(2) X\ does not separate the plane, 

(3) m(X\) — 0, where m is the Lebesgue measure. 

Theorem 2. Let f\ £ W. Then f\ is an unstable map, and hence there is no 
invariant Beltrami differentials on its Julia set. 

Theorem 3. Let fx £ E, with J {fx) = C. Assume (fi Xx (i.e. is non-recurrent), 
then 

(1) There exist a subsequence such that (/™ fc )'(l) — > oo 

(2) If Xx is bounded, then the singular point z — is summable for fx. 

In section 2 we discuss and prove Theorem 3 and Proposition 1. 
In section 3 we consider the basic definitions and properties of the Ruelle operator 
and the potential of deformations, as a consequence we prove theorem 1. 
The rest of the paper is devoted to prove Theorem 2. 

2. POSTSINGULAR SET AND DYNAMICS 

Mane has a result that establishes expansion properties of rational maps on the 
compact subsets of their Julia sets, which are far away from the parabolic points 
and the iu-limit sets of recurrent critical points. Next we will consider this result 
for our map fx- 

Remark 1. Note that if /"(0) — ► oo then fx is summable. To see this, consider 

1 , ,, 1 1 



(fx +1 )'(a) (/")» A /A"(a) 
now choose a = /a(1) and since the orbit of tends to oo this fraction converges to 
zero, so the series ^ (f n \'(i) absolutely converges. 



2.1. Proof of Theorem 3. The proof of the theorem follows exactly the proof in 
|12j . by Shishikura and Tan Lei. For completeness we will state the lemmas used in 
the paper above mentioned, restricted to the situation of our case. Hence in order 
to prove our theorem 3, we will follow their arguments. 

Denote by d(z, E) the Euclidian distance between a point z £ C and a closed 
subset E C C. Let dy(z,X) be the Poincare distance on a hyperbolic surface Y 
between a point z and a closed subset X cY and diamw(W) the diameter of W' 
with respect of the the Poincare metric of W. 
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Lemma 1. ( [1'2\ lemma 2.1). For any < r < 1, there exist a constant C(l,r) > 
such that for any holomorphic proper map g : V — > D of degree 1, with V simple 
connected, each component of g~ 1 (D r (0)) has diameter < C(l,r) with respect to 
the Poincare metric on V. Moreover lim r ^QC{l,r) = 0. 

Definition 4. No: There exist z\, zn -i G H> such that {| < \z\ < 1} C 
U^i 1 Di( Zi ). LetC = N C(l,l) 

The Julia set J(f\) = C, hence we can choose a periodic point w so that the 
domain fl = C\{forward orbit of the point w} satisfies: dn(0,X\) > 2Cq. 

Lemma 2. f \12\ lemma 2.3) Let Uq — D r (x) be a disc centered at x S X\ with 
radius r so that Ug C f2 and diamQ(Uo) < Cq, then for every n > f/ie following 
is true: 

deg(n). For every D s (z) C ?7o wit/i < s < d(z, dUo)/2, and every connected 
component V' of f^ n (D s (z)), V is simply connected and deg(f^ : V' — * = 
1; 

diam(n). For every D r (w) C Uq with < r < d(w,dUo)/2 and every connected 
component of V of f^ n (D r (w)), diamaV < Cq. 

Now we begin to prove the theorem 3. If only oo is a point of accumulation of 
{U«/a(0)}, then by the remark 1 above the point z — is a summable and hence 
Urn™ | (/£)' (0)| = oo. 

Now let y e be another point of accumulation of the orbit of z = 0. Let ni 
be any subsequence such that y = lim^oo /"*(].). Then we claim: 

Claimlim^K/fni^oc. 

To prove the claim we repeat the arguments of Shishikura and Tan Lei. Assume 
there exist a number M < oo and a sequence of natural numbers {nj} C {n{\ such 
that |(A 3 )'(1)| < M. Then by the lemma 2 there exist an integer N and a number 
r such that components Wj C f x i (D r (yj) containing the point z = 1 are simply 
connected and the respective restriction maps /> 1 : Wj — > D r (y) are univalent for 
all j > AT. Now let B C H be the hyperbolic ball of the radius Cq centered at 
the point z = 1, then B is a precompact subset of f2 and hence has a bounded 
Euclidian diameter in C. Besides, again by the lemma 2, the set {U^W}} C B. 
Let g 3 ; : L> — > be the inverse maps, then it is a normal family. Hence after 
passing to a subsequence we cam assume that gj converge. Let 1700 be a limit 
map, then ^ const since the derivatives are > -jj by hypothesis. Then there 
is a neighborhood f/o of z = 1 such that C/o C gj(D) for large j. Then is a 
normal in £/o, but there are many periodic expansive points in Uq C J {fx) and the 
derivative diverges. Which is a contradiction. The claim and the first part of the 
theorem are done. 

Finally for the proof of the second part, we again repeat arguments of Shishikura 
and Tan Lei in |12j . So assume that fx is not expansive on X x i.e. there are 
nk — > 00, Xk £ X x , such that \{f nk )' {xk)\ < 1. Now using the compactness of Xx 
and the arguments above, we obtain a contradictions. Expansivity immediately 
implies summability of the point z = 1 and completes the theorem. 

2.2. Proof of proposition 1. 
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Proof. We have iim n — oo| .n+i^s /wrrd = L Since Hm n ~>oo\ f {+ff,, I = 
= lim n ^oo I jpFfTTjs I, then |/™(1)| is near ^ for all large values of n. 

This implies that X\ is bounded, hence compact and is non-recurrent, by 
Theorem 3, fx is summable. That is a contradiction with the hypothesis. □ 

3. Ruelle Operator: Definitions and Properties 
For any A g C* we define the following operators (compare with [7], 0, ED- 
Definition 5. 

• Ruelle operator (or push-forward operator) 



A 2 r 2 



p-1 



where the summation is taken over all branches £j o/ /, . 

• Modulus of the Ruelle operator |i? A |(<^)(z) = p^si 

• Beltrami operator B\(ip) = tp(f\)jr- 
Then we have the following simple lemma. 

Lemma 3. For all A ; 

(1) R\ : Li(C) -» Li(C) and || i?* || Zl < 1, 

(2) |i? A : Li(C) -> Li(C), || l-RJI || Ll < 1 i/ie /ked points o/ |i?*| dearie 
a finite, complex-valued, invariant, and absolutely continuous measures on 
C. 

(3) B\ : Xoo(C) — > Loo(C), is the dual operator to R\, and \\ B\ ||l do = 1. 

Proof. Immediately follows from the definitions. □ 

3.1. Potential of Deformations. The open unit ball B of the space Fix(B\) C 
Loo(C) of fixed points of B\ is called the space of invariant Beltrami differentials 
for f\ and describes all quasiconformal deformations of f\. 

For fi e B and for any t with \t\ < j^, the element fi t — t\i E B. Let us 
denote by ht their corresponding quasiconformal maps; then we have the following 
functional equation as explained in [7j, |E]: 

F fl (f x (z))-f x (z)F^z)=G fi (z) 

where h t of x o h^ x = f x(t) g M /x and G^z) = ^j®-(z)\ t=0 = zexp(\z)X'(t)\ t=0 . 
The function 

dht _ a(a-l) f f n(z) 
F " ia) ~ ~dt ^° ~ — JJ C z(z-l)(z-a) 

is called the potential of the qc- deformations generated by (i and dF^ = /j, in the 
sense of distributions, see |llj . 

Lemma 4. If F(f\) = 0, then G M = if and only if /i = 0. 

Proof. If G M = 0, then F fJ _(f\(z)) — f' x (z)F fl (z). Hence F M = on the set of repelling 
periodic points and hence F^ = on the Julia set. Then fi = dF^ = 0. The lemma 
is finished. □ 
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Then by an inductive argument we have that 

Wa») = /?V) f^(«)+E G ' ,</ri( " )! 



\ i=l 

_ af' x (a)c 



/!'(«) 



from above G^a) — aJx ^ a,c ) where the constant c = \'(t)\t=o and by the lemma 4 
above c ^ 0. 

(1) = fS\a) + f + £ g 

Now we are ready to prove the theorem 1. 

2. Proof of Theorer 

then assumption either 



3.2. Proof of Theorem 1. Firstly we show (3). Such that ^N^TT = |A/ A +1 (0)|, 



I (/") l 1 )! 

or 

hm in/^MI > 0. 

l(JX)'(i)l 

implies either X\ is a compact subset of the plane or ^ X\, respectively. Assume 
F{f\) = then an application of the theorem 3 implies a contradiction with 
lim^oo |(/ A )'(0)| = 0. Hence we are done. 

Now we show (1) and (2). Assume f\ is stable. 

From the equation (1) above, we have that 

WW! , oc c 1 

(/a")'(«) " [ } A + (fl-iy(a) 

From we have the following inequality 

\F^a)\ < M\a\\log\a\\, 
where M is a constant depending only on fi. Applying this estimate above we obtain: 

M/a»)I < M|/ A "(a)||log|/ A «( a )|| 



l(/D'(«)l " |(tf)'(o)| 
Easy calculation shows log\f™(a)\ = |A/™~ (a)| and 

(/r)'(«) - >?ma)fr l mr 2 Y(°)- S < A(/r ^, (a) - 

Now let rij be the sequence from the assumptions of theorem 1 items (l)-(2) and 
the point a = 1. Since -F)i(l) = 0, then from the equation 2 we obtain the following 
equation: 

Wa" j+2 (1)) _ c c 2 1 _ c 

(/r +2 )'(i) A A2 s (/r 2 )'(i) A " j " 

Then this equation produces a contradiction in the both cases with the hypothesis 
over S n . , so fx is unstable. 
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4. Calculation of the Ruelle Operator 

In this section we calculate the action of the Ruelle operator on the family of 
rational functions j a (z) = z (z-i){z-a) > sucn tnat a 7^ 0, 1. Let us recall that any 
rational integrable differential is a linear combination of such 7 a (z). 

Let S = C\{0, 1} be the trice punctured sphere. 

Proposition 2. 

*X(7.(*)) = w*) - ij^rff^- 

Proof. Let h a {z) = R* x ( la ){z) - ( / A y (a) 7/ A (a)(» + (/a °, (1) 7/ A (i) (z) be a function. 
Our aim is to show that h a {z) defines a holomorphic integrable function on the 
surface 5*, hence h a (z) = and we are done. By the lemma 3 the function h a (z) is 
integrable over the plane. Therefore it is enough to show that h a {z) is holomorphic 
on S. 

Let (p G C°° (S) be any differentiable function with compact support in S. Then 
JI^Kiz) = ^B A (^) 7oW -^/^ /x(o)W+ ^// c = 



= II ^ h) Wy la{z) ~ mw) II ^ Ma)(z) + im) II ™ Ml) = w 

On the other hand 

/ / (f\)-rrTjla (z) = a{a - 1 / / — — —-7 = (a - 1 / / — — — 

JJc ih) JJc z (z- l ){z-a){h) JJc z{f x )' 

(<P f\h ff (f° f\)z 



Jc{z-l)(hY JJc(z-a)(h)' 
Such that always tp(0) = 0, tp(l) = 0. Then 

the same decompositions show 

k/l^ (a,(zH (sk)^ (a)) 



(/a)' 



h)II^ M1) = i^f {h{l)) 



(A; 

and as a result we obtain 

(*) = 0. 

By the Weyl's Lemma h a (z) is a holomorphic function on S. Hence we are done. 

□ 
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Corollary 1. If F(f\) = and /j/OeB, then 

Proof. Let fi ^ e -B be invariant Beltrami differential for /a, then by the propo- 
sition 3 we have 



/a(1) 



Hence 



and 



G» = F M (/ A (o)) - / A (a)^(a) = ^^F,(/ A (l)). 



□ 



Now, by the linearity of the Ruelle operator together with an easy induction 
argument, for any n > we have 



Define the following series 

(, "/i(l)fe(/n'(a)- 

5. PROOF OF THE THEOREM 2 

Assume f A is a stable map, then the summability of the singular value implies 
F(fx) = 0. ' 

Let /j ^ be an invariant Beltrami differential. Then the formula (*) above, the 
invariance of fi, and the definition of the potential F^ give the following 

(**) F,(a) = -J—F^(a)) B n (a)F^(f x (l)), 

where B n (a) is the n — th partial sum of the series B(a) above. 

Let a be a summable point, then the series B(a) is absolutely convergent and 

by the arguments of the theorem 1, item (1), the expression , F^(/"(a)) — > 

fx ( a ) 

as n — > oo. 

Then passing to the limit in the formula (**) above we have: 

F» = -B(a)F„(/ A (l)) 

Now set a = /a(1), then: 
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F„(/ A (1))(1 + B(/ A (1))) = 0. 
and we have two possibilities: 

1) Wa(1)) = o 

Then by the Corollary 1, — and by the lemma 4, fi — which contradicts 
the assumption above. 

2) B(/ A (1)) = -1. 

Now we finish the theorem 2 in 3 steps. Let <p be the following series 

:= g(/ A «y(A(i))^^™ w ' 

then summability of the point z = implies <p e ii(C). 

In the first step we show that under assumption 2) above, the function \ip\ 
presents a density of a finite, invariant measure which is absolutely continuous 
with respect to Lebesgue measure on the plane. 

Lemma 5. Under assumption (2) above we have: 

Rl{<p{z))=<p{z). 

Proof. For any n > 0, by the formula (**) we have the following expression 



1 (^_J_ ( \ /a"(/a(!)) 

(/r +1 )'(/A(l)) 7/ " +1( ^ (1))W / A (1) 7A(1)( J (/a")'(/a(1)) : 



Then summation over all n > gives 



1 M 1 M y /"(/a(1)) 

(/r +1 )'(/A(i)) 7/ " +1(/ ^ (1))( ' m Vx{1)[) k (/r)'(/A(i): 

= <p(z) - 7A(i)W - 7/»(i)(*) [B(fx(l))} = 



by hypothesis. 



□ 



Lemma 6. In assumption of the lemma 5 above the function \ip\ is a fixed point 
for the modulus of the Ruelle operator, 

Proof. We recall that by definition, for every function ip 

l^l(M) = EWC0ll<il 2 

c» 

where summation is over all branches Q of inverses of f\{z) = e Az . 
By assumption 
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II <P 11 = 11 R\(<P) 11=// 



Now define for each index i, a t = <f((i)((l) 2 , Pi = Y^j^i f(Q)(Cj) 2 = ¥> ~ "i 
With this notations we have 



<P 11 = 11 11=// 



E^xcd 2 



= //'« 



+ AI < 



< 



//i^i- //ei^)(cd 2 



=n v 

c c c & 

Hence all inequalities above are really equalities, then for each index i we have 



//k + AI = //H + // 



I ft 



c c 

which implies that |aj+ft| = |aj| + |ft| almost everywhere with respect to Lebesgue 
measure. Then for each index i 

K + ftl = \ati + E^(Cj)(Cj) 2 | = Kl + I E a J'l' 



and by the induction we obtain 

IEi«il = Eil«»l- 
That implies that 



m = i E a *i = E n = E wcoiisi 2 = raM)- 



□ 



By the lemma 3 the measure a (A) — JJ A \ip(z)\ is a non - negative invariant 
absolutely continuous probability measure, where A C C is a measurable set. Wc 
have complete the first step. 

Let Y = C — X\ be the complement to the postsingular set X\. In the second 
step we show that ip = identically on Y. 

In the notation of the lemmas above we have: 

Lemma 7. If ctj ^= identically on Y, then the function kj — ^- is a non-negative 
constant on any component ofY. 



Proof. We have |1 + & | = 1 

2 



, then if = 7i + i"fi we have 



l + M)) +(72? = (l+ V W) 2 + (^') 2 ) =l + (7f) 2 + (7^) 2 + 2^(7 1 ) 2 + (7D 2 - 

Hence 72 = and ^ = 7^ is a real-valued function but is meromorphic 

function. So 7^ = kj is constant on every connected component of Y and the 
condition |1 + kj\ = 1 + \kj\ shows kj > 0. 
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Definition 6. A measurable set A £ C is called back wandering if and only if 
m{f- n (A) n f- k {A)) = 0, for k^n. 

Corollary 2. If (p ^ onY , then (i) m{X\) = 0, where m is the Lebesgue measure 
and (ii) j^j defines an invariant Beltrami differential. 

Proof, (i) If m(X x ) > 0, then m(f^\X a )) > so to(/^ 1 (A'o) - X ) > since 
/^(lo) Xo, X x ^ C, denote by Z x = f^ l (X x )-X x . Then Z x is back wandering 
thus (p — 0, on the orbit of Z x , which is dense in J (fx), hence p = in Y. Therefore, 
m(Xx) = 0. 

(ii) By notations and the proofs of Lemmas 5 and 6 we have fcj (a;) = @fj- = — 1 
so tp(x) = (1 + h{x)) ai = (1 + ki(x))(cp((i(x))((l) 2 (x). Hence, 

(p( x ) _ (l + hjxyMQixM'fix) 

\<p(x)\ (l + hWMQixMtmxW 
and so for any branch Q we have 



as result h = o is an invariant 



mc<)K ™'c< 

line field. Thus the corollary is proved. 

□ 



Now we prove the main result of the second step. 
Proposition 3. If p ^ on Y, then fx is unstable. 

Proof. Let us show first that Xx — U/K 1 )- We will use a McMullen argument as 
in [Hj. By Corollary 2, /i = j^y is an invariant Beltrami differential. That implies 
that <p> is dual to /i and p is defined by /i up to a constant. We will construct a 
meromorphic function ip, dual to \x and such that ip has finite number of poles on 
each disc Dr of radius R centered at 0. 

For that suppose that for z£C there exists a branch g of a suitable such that 
g(U z ) £ Y, where U z is a neighborhood of z. Then define VKC) — v(ff(C))(5') 2 (C)) 
for all £ £ U z . Note that V'(C) is dual to [i and has no poles in U z . If there is no 
such branch g, then £ is in the postsingular set, and there is a branched covering 
F from a neighborhood of £ to U z , then define -0(0 — with F* the Ruelle 

operator of F. The map ip is a meromorphic function dual to pi in U z and has finite 
number of poles. 

By considering R — > oo we construct a meromorphic function which is dual to 
p,. The poles of ip forms a discrete set accumulating to z ~ oo. Since p is a dual to 
/i, then (p = C ■ ip, where C is a constant. Hence Xx — U/ J (l) i s a discrete closed 
set accumulating to z = oo and Y is connected. 

By the Corollary 2 the functions fci are globally defined constants on Y. Moreover 
by the argument of the lemma 7 p>{x) — (1 + ki)(p(C t i(x))(C t ' i ) 2 (x) for any x £ C, 
thus fci = fcj for any i, j. 

So we have = X)i V 5 (Ci( ;r ))(C') 2 ( ;z; ) — f( x )i since the first term of the 

equation is infinite, this can be only iff ip = 0. 

□ 
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Now to obtain a contradiction, in the step 3 we show that if /a G W is a 
structurally stable, then ip ^ identically on Y. 
The following proposition is proved in 

Proposition 4. Let at G C, <Zj =/= a,j, for i ^ j be points such that Z = Uj<ij C C is 
a compact set. Let bi ^ be complex numbers such that the series ^2 bi is absolutely 
convergent. Then the function l(z) = ^ ^ identically on Y = C\Z in any 
of the following cases 

(1) the set Z has zero Lebesgue measure 

(2) if diameters of components of C\Z uniformly bounded below from zero and 

(3) If O j denote the components ofY, then Z G UjdOj. 

Proposition 5. Let f\ be the exponential map and a summable point. Then 
<p{z) ^ identically on Y in any of the following cases 

(1) i/0£X A , 

(2) if diameters of components of Y are uniformly bounded below from 0, 

(3) If m{X\) = 0, where m is the Lebesgue measure on C, 

Proof. Let us prove (1). Denote d\ = f\(l) 

Assume now that the set X x is bounded. Then by Proposition 4 we have that 
ip(z) — + j^j- + ^2 (f i y(d x )(z-f i (dxT) ~^ Z ) ^ 0- The °ther cases follows directly 
from Proposition 4 also. 

Now let X\ be unbounded. Let y G C be a point such that the point 1 — y G Y, 
then the map g{z) — z _^ z _ 1 maps X\ into C. Let us consider the function G(z) = 

i ^ lifer 1 ~ ^ ^ Titvuh + s um^hum-r then by p ro p° sition 4 

G(z) ^ identically on g(Y). 



Now we Claim that G(g(z))g' (z) = cj> 

Proof of the claim. Let us define C\ = Y] 4 ^A^rfrV and C 2 — Y\- , {i\t, x ) \ then 
we have 



d _ d(z + y-l) C 2 _C 2 (z + y-l) 



g(z) yz g{z)-l (y-l)(z-l) 

and for any n 

1 _{z + y-l){f x \d x )+y-l) _ 



g{z) - g(fZ(d x )) y(y-l)(z~K(d x )) 

1 /(z + y-lf 



1/(1/ -l) V *-/a(*0 

then 



1 - y - z 



d(z + y-l) _ C 2 (z + y-l) 1 

(g[z " (y-mz-i) ^(r x y(d x )(g(z)- 9 (p x (d x )) 

1 



by (v-v-*)Y,7f^ + (*+v-v 2 T,- 



d(z + y-l) C 2 (z + y-l) \ 
yz (y-i)^-!)^ 
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and 



E. 



fl(dx)-l ^ fl(d x ) 



0( z ) + vm±) _ ti wyiM + ^ 



g'{z) \ z z — 1 1 — y — z 

1 ( Ci(y-l) C 2 y 



fl '(z) + (z-l)(z + y-l) 

<?'(*)' 

Hence <p(z) = identically on Y if and only if G(z) — identically on g(Y). So 
by proposition 4 we complete the proof of this proposition. 
Step 3 and the theorem 2 are finished. 
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